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Abstract
The Compton wavelength gives the minimum radius within which the mass of a particle
may be localized due to quantum effects, while the Schwarzschild radius gives the maximum
radius within which the mass of a black hole may be localized due to classical gravity. In a
mass-radius diagram, the two lines intersect near the Planck point (lP ,mP ), where quantum
gravity effects become significant. Since canonical (non-gravitational) quantum mechanics is
based on the concept of wave-particle duality, encapsulated in the de Broglie relations, these
relations should break down near (lP ,mP ). It is unclear what physical interpretation can be
given to quantum particles with energy E  mP c2, since they correspond to wavelengths
λ lP or time periods τ  tP in the standard theory. We therefore propose a correction to
the standard de Broglie relations, which gives rise to a modified Schro¨dinger equation and a
modified expression for the Compton wavelength, which may be extended into the region E 
mP c
2. For the proposed modification, we recover the expression for the Schwarzschild radius
for E  mP c2 and the usual Compton formula for E  mP c2. The sign of the inequality
obtained from the uncertainty principle reverses atm ≈ mP , so that the Compton wavelength
and event horizon size may be interpreted as minimum and maximum radii, respectively. We
interpret the additional terms in the modified de Broglie relations as representing the self-
gravitation of the wave packet.
1 Introduction
In 1924, de Broglie proposed the idea of wave-particle duality as a fundamental feature of all
forms of matter and energy, introducing his famous relations
E = ~ω , ~p = ~~k . (1.1)
By combining these with the energy-momentum relation for a non-relativistic point particle,
E =
p2
2m
+ V , (1.2)
Schro¨dinger obtained the equation for the quantum wave function,
Hˆψ =
(
pˆ2
2m
+ V
)
ψ =
(
− ~
2
2m
~∇2 + V
)
ψ = i~
∂ψ
∂t
, (1.3)
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and the development of modern quantum theory began. Setting V = 0 gives the usual dispersion
relation for a free particle ω = (~/2m)k2. However, these relations are thought to break down
near the Planck mass and length scales
mP =
√
~c
G
, lP = ctP =
√
~G
c3
. (1.4)
Specifically, the non-relativistic energy-momentum relation E = p2/(2m) implies that the angu-
lar frequency and wave number of the matter waves reach the Planck values
ωP =
2pi
tP
, kP =
2pi
lP
, (1.5)
for free particles with energy, momentum and mass given by E = pc = 2pimP c
2 and m = pimP .
Since a further increase in energy would imply a de Broglie wavelength smaller than the Planck
length, it is unclear how quantum particles behave for E > 2pimP c
2.
Though it may be argued that the Newtonian formula is not valid close to the Planck scales
due to both relativistic and gravitational effects, the former is not necessarily true in the usual
sense. In non-gravitational theories, relativistic effects are important for particles with kinetic
energy higher than their rest mass energy. Thus, a particle can have Planck scale energy if
it has Planck scale rest mass, even if it is moving non-relativistically. We consider the rest
frame of quantum particles with rest masses extending into the regime m mP , for which the
the standard non-relativistic analysis is expected to hold except for modifications induced by
gravity, rather than relativistic velocities.
In this paper, we propose extended de Broglie relations which reduce to the standard form for
E  mP c2 but remain valid for E  mP c2. For V = 0, the modified relations obey a dispersion
relation of the form Ω = (~/2m)κ2, where Ω = Ω(ω) and κ = κ(k), so that the evolution of the
quantum system is no longer governed by the standard Schro¨dinger equation and the canonical
pˆ and Hˆ operators also change. However, the underlying mathematical formalism of canonical
quantum theory – the Hilbert space structure and the postulates connecting this to physical
observables [1, 2] – are not disturbed. What does change is the equations of motion (EOM) and
the corresponding expressions for the canonical operators. Specifically, the plane-wave modes
that are the simultaneous eigenfunctions of the usual pˆ and Hˆ operators are also extended to
include wavelengths corresponding to E > 2pimP c
2 and p > 2pimP c. Interestingly, we find that
this modification does not imply a positional uncertainty smaller than the Planck length.
Crucial to understanding this result is the behavior of the modified Compton wavelength
(λC): as E increases, this decreases from large values for E  mP c2, reaches a minimum at
E ≈ mP c2, then increases again to large values for E  mP c2. Using the standard uncertainty
relation for position and momentum, now written in terms of the modified commutator, to
estimate the Compton radius of wave packets expanded as superpositions of the modified pˆ
eigenfunctions, we obtain λ ≥ λC ≈ lPmP /m (as usual) for m  mP but λ ≤ λS ≈ lPm/mP
for m mP . Crucially, the sign of the inequality reverses at λC ≈ lP , m ≈ mP . Therefore, we
obtain a unified expression for the Compton wavelength, interpreted as the minimum spatial
extent over which the mass of a particle is distributed, and the Schwarzschild radius (λS),
interpreted as a maximum spatial extent within which the mass of a black hole resides.
This unified expression has the form anticipated on the basis of the Generalized Uncertainty
Principle (GUP) [3]. This involves what is termed the Black Hole Uncertainty Principle (BHUP)
correspondence [4, 5], here referred to as the Compton-Schwarzschild correspondence. In the
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present formulation, this is obtained by applying the standard uncertainty principle (UP) to
wave functions that are consistently defined for all energy scales. The underlying theory is an
extended form of canonical non-relativistic quantum mechanics which, at first sight, appears
to be non-gravitational, in the sense that the results obtained do not require the introduction
of a classical Newtonian gravitational potential. Nonetheless, introducing such a potential as
an external field acting on the wave packet, along with a maximum speed vmax = c, gives the
Schwarzschild radius from the standard non-relativistic formula for the escape velocity. In this
way, our results are consistent with classical physics at any mass scale but the existence of the
event horizon may be seen as both a gravitational and a quantum effect for m & mP .
In fact, both gravitational and relativistic effects are introduced into the extended theory in a
more subtle way, in that the extended de Broglie relations now depend on both G and c, as well as
~. However, the dependence on G and c is subdominant for E  mP c2, whereas the dependence
on ~ is subdominant for E  mP c2. This implies that quantum physics naturally becomes less
‘quantum’ for the high energy scales associated with macroscopic objects (such as large black
holes) and this may be relevant to the problem of decoherence [6, 7]. We therefore interpret
the extended de Broglie relations as representing the effect of the particle’s self-gravity on the
evolution of the quantum state. The simplest way to account for the effect of the gravitational
field of the particle is to introduce a classical external potential V = −Gm/r that confines the
wave packet within an (energy-dependent) radius about r = 0. However, while this approach
may provide a good approximation in the centre-of-mass frame, it is not obvious how to extend
it to include the effect of self-gravity on an otherwise free particle.
Other, more subtle, approaches such as the Schro¨dinger-Newton equation (see [8] and refer-
ences therein) suffer from similar complications and require the inclusion of at least a semiclas-
sical potential. The approach presented here has no such drawback and correctly predicts the
emergence of black holes as an essentially gravitational effect, arising in an extended quantum
theory. Nonetheless, it shares some similarities with the Schro¨dinger-Newton equation, in that
m|ψ|2 may be interpreted as a ‘potential’ mass per unit volume, which is analogous to a classical
mass density ρ. In some sense, the new theory is based on pushing this analogy to its limit.
In a classical theory, infinitesimal mass elements ρdV interact with each other gravitationally,
whereas in non-gravitational quantum mechanics, there is no self-interaction in ψ corresponding
to interacting mass elements m|ψ|2dV . Intuitively, one way to consistently introduce such an
interaction might be through the modification of the de Broglie relations to include G and c.
As a guide to developing a na¨ive theory, obtained by substituting extended relations into the
non-relativistic energy-momentum relation for a point particle, we require the resulting disper-
sion relation to recover the salient features of both canonical quantum mechanics and classical
gravitational physics in the appropriate asymptotic regimes. Specifically, we wish to recover
the Compton and Schwarzschild expressions for systems with E  mP c2 and E  mP c2,
respectively, using standard heuristic arguments applied to the new relations.
The structure of this paper is as follows. Sec. 2 reviews the basic mathematical formalism of
canonical non-relativistic quantum theory and its relation to physical observations. We also dis-
cuss the independence/interdependence of the postulates of quantum mechanics and how their
modifications may affect each other. Sec. 3 sets out the theory based on extended de Broglie
relations. Sec. 3.1 considers the asymptotic form required to reproduce the Schwarzschild radius
for E  mP c2; Sec. 3.2 proposes extended relations which correctly reproduce the standard
Compton and Schwarzschild formulae in the limits E  mP c2 and E  mP c2 and ensure conti-
nuity of all physical observables at E ≈ mP c2; Sec. 3.3 considers the implications of the extended
relations for the EOM and the form of the momentum and Hamiltonian operators. Sec. 4 de-
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rives a unified Compton-Schwarzschild expression using the UP and modified commutators and
compares this with the BHUP prediction. Sec. 5 considers the implications of this theory for
the Hawking temperature of black holes close to the Planck mass. Sec. 6 discusses various other
issues, such as the implications of the extended de Broglie relations for GUP phenomenology
[9], and the prospects for future work.
A technical but important issue, the time evolution of self-gravitating states, is discussed
separately in Appendix A. The modified Schro¨dinger equation implied by the extended relations
involves higher order time derivatives, which often lead to non-unitary evolution in a variety of
contexts. However, the time evolution operators for the extended de Broglie theory are shown to
be non-canonical but unitary, which raises the question of how the usual problems are avoided.
Two tentative answers are proposed in Appendix B, though further work is required to answer
this question definitively.
2 The postulates of canonical quantum mechanics
The book by Rae [1] lists five basic postulates of quantum mechanics. These define the contents
of the theory in terms of wave functions, which may be expanded in terms of a discrete set of
eigenfunctions of a Hermitian operator.
1. For every dynamical system there exists a wave function, ψ, that is a continuous, square-
integrable, single-valued function of the parameters of the system and of time, and from
which all possible predictions about the physical properties of the system can be obtained.
2. Every dynamical variable may be represented by a Hermitian operator whose eigenvalues
represent the possible results of carrying out a measurement of the value of the dynamical
variable. Immediately after such a measurement, the wave function of the system will be
identical to the eigenfunction corresponding to the eigenvalue obtained as a result of the
measurement.
3. The operators representing the position and momentum of a particle are ~r and −i~~∇
respectively. Operators representing other dynamical quantities bear the same functional
relation to these as do the corresponding classical quantities to the classical position and
momentum variables.
4. When a measurement of a dynamic variable represented by the Hermitian operator Qˆ
is carried out on a system whose wave function is ψ, then the probability of obtaining a
particular eigenvalue qm will be |am|2, where ψ =
∑
anφn and the φn are the eigenfunctions
corresponding to the eigenvalues qn.
5. Between measurements, the development of the wave function with time is governed by
the time-dependent Schro¨dinger equation.
Such criteria cannot account for the effect of spin or any observable with a continuous spectrum
of possible values (though these are deliberate omissions in an introductory text). The latter
problem can be fixed by replacing the discrete expansion, ψ =
∑
anφn, in Postulate 4 with
the integral expansion, ψ(~r, t) =
∫
a(k)φ(~r, t; k)dk, where k is a continuous real parameter, and
replacing |am|2 with |a(k)|2 and qm with q, a continuous real eigenvalue corresponding to k. To
include spin, we must demonstrate the equivalence of every differential operator to a matrix
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operator and hence of the wave function to a vector in the phase space of the theory [1]. This
elucidates the underlying mathematical structure of quantum theory and allows us to express
the basic postulates in an alternative form.
The book by Isham [2] gives four postulates for quantum mechanics:
1. The predictions of results of measurements made on an otherwise isolated system are prob-
abilistic in nature. In situations where the maximum amount of information is available,
this probabilistic information is represented by a vector |ψ〉 in a complex Hilbert space H
that forms the state space of the theory. In so far as it gives the most precise predictions
that are possible, this vector can be regarded as the mathematical representation of the
physical state of the system.
2. The observables of the system are represented mathematically by self-adjoint operators
that act on the Hilbert space H.
3. If an observable quantity A and a state are represented respectively by the self-adjoint op-
erator Aˆ and the normalized vector |ψ〉 ∈ H, then the expected result 3 〈A〉ψ of measuring
A is
〈A〉ψ = 〈ψ|Aˆ|ψ〉 . (2.1)
4. In the absence of any external influence (i.e., for a closed system), the state vector |ψ〉
changes smoothly according to the time-dependent Schro¨dinger equation
i~
∂ |ψ〉
∂t
= Hˆ |ψ〉 , (2.2)
where Hˆ is a special operator known as the Hamiltonian.
These four rules define the general framework within which it has so far been possible to describe
all quantum mechanical systems [2]. Rae’s postulates define the theory in terms of a wave
function ψ rather than a wave vector |ψ〉 and deal only with systems with discrete spectra of
eigenvalues. The latter is easily corrected, so the main difference from Isham’s rules is the
absence of his Postulate 3.
In Rae’s formulation, the canonical definition of the momentum operator, pˆ = −i~~∇ in
Postulate 3, plus the assertion that quantum mechanical operators are defined by analogy with
their classical non-relativistic counterparts, is implicit in Postulate 5. Indeed, this reasoning
underpins the original derivation of the Schro¨dinger equation, so it is also implicit in Isham’s
Postulate 4. Ultimately, this comes from assuming that quantum mechanical operators repre-
senting observables are defined by analogy with their classical equivalents, together with the
assumption that the usual de Broglie relations (1.1) hold. If we change these relations, but
retain the analogous classical/quantum formulae, we change the dispersion relation for matter
waves and hence the required EOM for the quantum system. However, there is no need to
change any of Isham’s first three postulates or to interfere with the state space structure of the
theory which underpins its probabilistic interpretation [2].
3In order to comply with the conventions of standard probability theory, the word ‘average’ is best reserved for
the average of an actual series of measurements. When referring to the ‘average’ predicted by the mathematical
formalism, it is more appropriate to use the phrase ‘expected result’ or ‘expected value’.
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Such an approach is adopted here. In particular, the Hilbert space structure of quantum
mechanics leads to the general uncertainty relations for two arbitrary operators Oˆ1 and Oˆ2 [2]:
∆ψO1∆ψO2 ≥ 1
2
√
|〈ψ|[Oˆ1, Oˆ1]|ψ〉|2 + |〈ψ|[Aˆ, Bˆ]+|ψ〉|2 ≥ 1
2
|〈ψ|[Oˆ1, Oˆ1]|ψ〉|, (2.3)
where [Oˆ1, Oˆ2] is the commutator of Oˆ1 and Oˆ2 and [Aˆ, Bˆ]+ is the anticommutator of Aˆ =
Oˆ1 − 〈Oˆ1〉ψ Iˆ and Bˆ = Oˆ2 − 〈Oˆ2〉ψ Iˆ. This expression remains unchanged in the theory presented
below. Choosing Oˆ1 = xˆ and Oˆ2 = pˆ, the standard expression for the commutator [xˆ, pˆ] is
modified, leading to predictions that differ from those of canonical quantum theory close to the
Planck scales. This approach thus circumvents problems associated with some of the previous
attempts to obtain a unified Compton-Schwarzschild expression, using arguments based on the
GUP [9]. 4 Unless based on modified dispersion relations, these necessarily violate results -
such as Eq. (2.3) - that follow from standard quantum mechanics [9, 10, 11]. As discussed in
[10], it may nevertheless be possible to obtain a GUP-type expression from a theory of deformed
quantum mechanics (c.f. [12]). Such a theory can be consistently formulated in terms of a
vector space [13, 14, 15] and may incorporate quantum gravity effects if the GUP deformations
are directly related to deformations of the metric [16, 17]. However, this is not the approach
adopted here.
It is also worth noting that, although GUP theories may lead to unified expressions for the
Compton and Schwarzschild radii, the direction of the inequality still points the wrong way for
the latter. Any derivation of the Compton wavelength in a non-relativistic theory is necessarily
heuristic, since this is an essentially relativistic phenomenon, marking the boundary beyond
which the concept of a wave packet describing a system with conserved particle number breaks
down [18, 19, 20]. However, such heuristic arguments may be placed on a firmer theoretical
footing by assuming appropriate cut-offs for the eigenfunction expansions of wave vectors in the
non-relativistic theory [10]. As shown in Sec. 3.1, standard na¨ive arguments, together with the
extended de Broglie relations proposed for E  mP c2, then lead to an interpretation of the
Schwarzschild radius as a maximum radius within which the mass of the ‘particle’ (i.e. black
hole) must be confined.
3 Extended de Broglie relations
In this section, we begin by outlining the asymptotic form of the extended de Broglie relations
required to reproduce the Schwarzschild radius as an extension of the Compton wavelength
formula in the limit E  mP c2. We will use standard (albeit na¨ive) arguments for the Comp-
ton wavelength, which is derived heuristically from the non-relativistic UP. We then propose a
functional form for the extended relations that correctly reproduces the standard Compton and
Schwarzschild expressions for E  mP c2 and E  mP c2, respectively, and also ensures the
continuity of all physical observables at E ≈ mP c2. Finally, we investigate how the modified
dispersion relation affects the EOM for the quantum state and the expressions for the corre-
sponding momentum and Hamiltonian operators. The standard Schro¨dinger equation is also
recovered in the limit E  mP c2, λ lp.
4This should not be confused with the ‘general uncertainty principle’ in the canonical theory [2], though the
terminology is confusing.
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3.1 de Broglie relations in the limit E  mP c2
Let us suppose that, in the limit E  mP c2, the generalized de Broglie relations (in one
dimension) take the form
E = ~Ω ≈ ~βω
2
P
ω
, p = ~κ ≈ ~βk
2
P
k
, (3.1)
where β > 0 is a dimensionless constant and ωP and kP are defined by Eq. (1.5). We assume
that momentum eigenfunctions with E  mP c2 correspond to ω  ωP and k  kP , as in
the E  mP c2 case, although we shall see in Sec. 3.2 that this is not the only possibility. For
simplicity, we will work in one dimension throughout this paper, but the extension to three (or
more) dimensions is straightforward and involves no new fundamental ideas.
Combining Eqs. (3.1) and (1.2) with V = 0, we have
Ω =
~
2m
κ2 (3.2)
or equivalently
ω ≈ 2Gm
(2pi)2βc
k2 . (3.3)
If the momentum operator eigenfunctions take the usual form
φ(k, ω : x, t) = exp [i(kx− ωt)] , (3.4)
then substituting φ = ψ into the Schro¨dinger-type equation,
∂2ψ
∂x2
= α
∂ψ
∂t
, (3.5)
gives
α = − ik
2
ω
≈ − i(2pi)
2βc
2Gm
. (3.6)
The approximate EOM for the quantum state with no classical external potential may then be
written as
Hˆ ′ψ =
pˆ′2
2m
ψ ≈ −mc
2
k2P
∂2ψ
∂x2
≈ iβ~
2
∂ψ
∂t
. (3.7)
In the position space representation, the differential part of the momentum operator takes the
usual form but the multiplying factor differs from the canonical one. The first corresponds to
the functional form of the dispersion relation, while the second sets the phenomenologically
important length scale. The position operator may be defined as usual, so that
pˆ′ ≈ −i
√
2mc
kP
∂
∂x
, xˆ = x . (3.8)
The commutator of the position and momentum operators is then
[xˆ, pˆ′] = i
√
2mc
kP
. (3.9)
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It is clear that the proposed asymptotic form (3.1) of the extended de Broglie relations for
E  mP c2 only disturbs the mathematical structure of quantum mechanics in so far as the
momentum operator is multiplied by a constant factor. Although this affects the EOM, as well
as the definitions of operators that are functions of pˆ and commutators involving these, it in no
way affects the underlying Hilbert space structure of the theory, its probabilistic interpretation
or the role of Hermitian operators. Postulates 3 and 5 of Rae [1] are changed but only trivially.
The underlying mathematical structure and formalism is exactly that of canonical quantum
mechanics, so the new theory is well defined in the E  mP c2 limit.
In the next section, we will see that, for de Broglie relations which hold for all energies
but take the appropriate asymptotic forms for E  mP c2 and E  mP c2 (i.e. in which a
Schro¨dinger-type equation describes the evolution of the system), the general EOM is not of the
Schro¨dinger form. It is more complicated, as are the expressions for the operators pˆ and Hˆ. The
Hilbert space structure is nonetheless preserved. Again, only Postulates 3 and 5 of Rae must be
amended, this time less trivially, while the mathematical structure embodied in his Postulates
1, 2 and 4 remains the same.
The motivation for requiring the asymptotic form (3.1) is that arguments analogous to
those used to derive the Compton wavelength from the UP (2.3), together with identifica-
tions suggested by the modified de Broglie relations themselves, lead to the expression for the
Schwarzschild radius. From Eqs. (2.3) and (3.9), it follows that
∆ψx∆ψp
′ ≥ 1
2
〈ψ|[xˆ, pˆ′]|ψ〉 ≈ mc lP
2
√
2pi
. (3.10)
In the standard argument, we make the identifications
(∆ψx)min ≈ λC , (∆ψp)max ≈ mc , (3.11)
using pˆ = −i~(∂/∂x), and this gives
λC ≈ ~
2mc
. (3.12)
However, the modified de Broglie relations (3.1) suggest the new identifications,
(∆ψx)max ≈ l
2
P
λC
=
2Gm
c2
, (∆ψp
′)min ≈ mc . (3.13)
Substituting these into the modified UP (3.10) for position and momentum, and ignoring numer-
ical factors of order unity, this becomes m & mP , in accordance with our original assumption
about the validity of Eq. (3.10) in this range. Thus the identifications (3.13) are consistent with
the assumption E & mP c2.
3.2 de Broglie relations valid for all energies
We have assumed that the asymptotic forms of the extended de Broglie relations in the limit
E  mP c2 are given by Eq. (3.1) and showed that the mathematical structure of quantum
mechanics remains unaltered by this claim, except in so far as the canonical momentum operator
is multiplied by a constant factor. We now search for a unified set of expressions, valid for all
energies, that reduce to Eq. (3.1) for E  mP c2 and to the standard de Broglie relations
(1.1) for E  mP c2. We therefore expect to recover the canonical Schro¨dinger equation and
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expressions for pˆ and Hˆ in the latter limit. In addition, we require all physical quantities to be
continuous at E ≈ mP c2.
The simplest expressions satisfying all three conditions are
E = ~Ω, p = ~κ (3.14)
where
Ω =
{
ω2P
(
ω + ω2P /ω
)−1
(m . mP )
β
(
ω + ω2P /ω
)
(m & mP )
(3.15)
and
κ =
{
k2P
(
k + k2P /k
)−1
(m . mP )
β
(
k + k2P /k
)
(m & mP ).
(3.16)
Note that continuity of E and p, together with that of dE/dω and dp/dk, at ω = ωP and k = kP
is ensured by setting β = 1/4, but we leave it as a free constant for now. Combining Eqs.
(3.15)-(3.16) with Eq. (1.2), we must consider the different regimes of Eq. (3.2) separately.
For m . mP , writing Eq. (3.2) in terms of ω and k gives
~ω2P
(ω + ω2P /ω)
=
~2k4P
2m(k + k2P /k)
2
(3.17)
and so ω ≈ (~/2m)k2 for ω  ωP and k  kP , as required. This may then be written as
ω2 − 2mc
2
~k2P
(
k +
k2p
k
)2
ω + ω2P = 0 , (3.18)
and solved to give
ω± =
mc2
~k2P
(
k +
k2P
k
)2 1±
√
1− ~
2k6P
m2c2
(
k +
k2P
k
)−4 . (3.19)
The reality of ω requires (
k +
k2P
k
)2
≥ ~k
3
P
mc
, (3.20)
which gives a quadratic inequality in k2:
k4 +
(
2k2P −
~k3p
mc
)
k2 + k4P ≥ 0 . (3.21)
This is saturated for
k2± =
(
~k3P
2mc
− k2P
)1±
√
1− k4P
(
~k3P
2mc
− k2P
)−2 (3.22)
and the reality of k2 then requires
m ≤ m′P ≡ (pi/2)mP . (3.23)
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Since the coefficient of the k4 term in Eq. (3.21) is positive, the inequality is satisfied for k2 ≤ k2−
or k2 ≥ k2+. For m m′P , we may expand Eq. (3.22) to first order, giving
k− ≈ mckP~ + . . . , k+ ≈
~k3P
mc
+ . . . . (3.24)
Defining k± = 2pi/λ∓, the lower limit on the value of wavenumber k− corresponds to an upper
value on the wavelength λ+ while the upper limit k+ corresponds to a lower limit λ−. Thus the
inequality (3.21) is satisfied for the two wavelength ranges,
λ2 ≥ λ2+ ≈ 2pi(mP /m)l2P ≈ λC lP , λ2 ≤ λ2− ≈ (2pi)−1(m/mP )l2P ≈ λSlP , (3.25)
where the last expressions in each case neglect numerical factors of order unity.
For m & mP , we have
β~(ω + ω2P /ω) =
β2~2
2m
(k + k2P /k)
2, (3.26)
which reduces to Eq. (3.3) for ω  ωP and k  kP . From here, we may perform an analysis
similar to that for m . mP , and the resulting formulae have the same structure as Eqs. (3.18)-
(3.22), but with the substitution
m→ β~
2k2P
4mc2
=
βpi2m2P
m
. (3.27)
The reality of k2 now requires
m ≥ 2piβmP . (3.28)
Again, two discontinuous ranges of λ are permitted:
λ2 ≥ λ2+ ≈ (2pi)−1(4/β)(m/mP )l2P ≈ λSlP , λ2 ≤ λ2− ≈ 2pi(β/4)(mP /m)l2P ≈ λC lP . (3.29)
These are equivalent to those defined by Eq. (3.25) under the interchange λC ↔ λS .
The continuity of k2±(m) at kP and ω±(k,m) at ωP is ensured for β = 1/4 and the reality
conditions on ω and k justify our initial assumptions about the division between m . mP and
m & mP . For β = 1/4, Eqs. (3.15)-(3.16) become
Ω =
{
ω2P
(
ω + ω2P /ω
)−1
(m ≤ m′P )
(1/4)
(
ω + ω2P /ω
)
(m ≥ m′P )
(3.30)
and
κ =
{
k2P
(
k + k2P /k
)−1
(m ≤ m′P )
(1/4)
(
k + k2P /k
)
(m ≥ m′P ) ,
(3.31)
so that ω = ωP , k = kP and E = pc = pimP c
2 for m = m′P . Note that our original approximate
conditions, m . mP and m & mP , have now been replaced by the more precise expressions
m ≤ m′P and m ≥ m′P .
There are various dualities between the super-Planckian and sub-Planckian cases. If β = 1/4,
Eq. (3.27) corresponds to the duality transformation
m↔ m
′2
P
m
, (3.32)
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which is equivalent to a reflection about the line m = m′P in the (logω, logm) plane at fixed k.
For fixed m, one also has the self-duality
ω± ↔ ω
2
P
ω∓
, (3.33)
which maps the upper and lower branches of the solution ω± into one another in the (logω, log k)
plane, and the self-duality
k± ↔ k
2
P
k∓
. (3.34)
In general, we have
0 < m ≤ m′P =⇒
{ ∞ > k2+ ≥ k2P
0 < k2− ≤ k2P
(3.35)
m′P ≤ m <∞ =⇒
{
k2P ≤ k2+ <∞
k2P ≥ k2− > 0 .
(3.36)
However, ω must be considered as a function of both m and k, and the limiting values of k
are also functions of m. This may be contrasted with the canonical theory, in which all modes
k ∈ (−∞,∞) may contribute (with some nonzero amplitude) to a given wave packet expansion.
Although ω  ωP and k  kP , together with m  mP or m  mP , give rise to the
standard Schro¨dinger dispersion relation or the relation proposed in Eq. (3.3), respectively,
these represent only one possibility in the ω− branch of the full solution given by Eqs. (3.19)
and its dual. The other possibility is ω  ωP , k  kP . We must also consider the ω+ solution,
which is valid for both ω  ωP , k  kP and ω  ωP , k  kP . Although it may be argued that
states with ω > ωP or k > kP are unphysical, since they correspond to wavelengths or periods
less than the Planck scales, the exact nature of the Planck scales is unknown and we cannot
state definitively that they represent physical cut-offs for quantum wave modes (i.e. de Broglie
waves), even if they represent genuine fundamental limits for physical observables [21]. Indeed,
as we shall see in Sec. 4, allowing sub-Planckian wavelengths for matter waves does not lead to
sub-Planckian uncertainties, ∆ψx < lP . Therefore, we here consider the formal mathematical
extension of the solutions in Eq. (3.19), and its dual for m ≥ m′P , into the sub-Planckian
regimes, even if their physical interpretations are unclear. For brevity, we consider only two
extremes in detail: ω  ωP , k  kP and ω  ωP , k  kP , since the implications for the mixed
regimes, ω  ωP , k  kP and ω  ωP , k  kP , can then be easily determined. All four
possible regimes are represented in Figs. 1 and 2, below.
Let us now determine the approximate asymptotic expressions for ω± in the various regimes.
For m (~k3P /c)(k + k2P /k)−2, Eq. (3.19) may be expanded to first order, giving
ω− ≈ ~k
4
P
2m
(
k +
k2P
k
)−2
+ . . . , ω+ ≈ 2mc
2
~k2P
(
k +
k2P
k
)2
+ . . . , (3.37)
so that
ω− ≈
{
(~/2m)k2 (m (k2/k2P )mP , k  kP )
(~/2m)(k4P /k2) (m (k2P /k2)mP , k  kP )
(3.38)
ω+ ≈
{
(2mc2/~)(k2P /k2) (m (k2/k2P )mP , k  kP )
(2mc2/~)(k2/k2P ) (m (k2P /k2)mP , k  kP ) .
(3.39)
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Figure 1: ω+(k : m) (blue) and ω−(k : m) (red) as a function of k for m = m′P , m
′
P /(1+pi/2) and
m′P /(1+pi) or, equivalently, m
′
P (1+pi/2) and m
′
P (1+pi) for the non-critical cases. The standard
dispersion relation of non-relativistic quantum mechanics, ω = (~/2m)k2, corresponds to the
asymptotic regime in the bottom left-hand corner of the diagram. In this and all subsequent
plots, we choose units such that ωP = kP = 1.
For m (β~/4kP c)(k + k2P /k)2, the duality transformation (3.32) gives
ω− ≈ k
2
Pmc
2
8~
(
k +
k2P
k
)−2
+ . . . , ω+ ≈ 8~
m
(
k +
k2P
k
)2
+ . . . , (3.40)
so that
ω− ≈
{
(8mc2/~)(k2/k2P ) (m mP (k2P /k2), k  kP )
(8mc2/~)(k2P /k2) (m mP (k2/k2P ), k  kP )
(3.41)
ω+ ≈
{
(~/8m)(k2P /k2) (m mP (k2P /k2), k  kP )
(~/8m)(k2/k2P ) (m mP (k2/k2P ), k  kP ) .
(3.42)
Thus, for both k  kP and k  kP , the asymptotic regions of the two solutions give ω−  ωP
and ω+  ωP in the m m′P and m m′P regimes, as expected under the duality (3.33).
The two solution branches ω±(k : m) given by Eq. (3.19) are shown as functions of k for
m = m′P , m = m
′
P /(1+pi/2) and m = m
′
P /(1+pi) in Fig. 1. Canonical non-relativistic quantum
mechanics is recovered in the region corresponding to the bottom left, where ω− ≈ (~/2m)k2.
The branches meet at ω±(kP ) = ωP for the critical case m = m′P , but a gap exists in the allowed
values of k due to the existence of the unequal limits k±(m) for m 6= m′P . By the duality (3.33),
these are equivalent to ω±(k : m) for m = m′P , m = m
′
P (1 + pi/2) and m = m
′
P (1 + pi). The
limiting values of the wave-number for a given rest mass, k±(m), are plotted in Fig. 2. These
obey the dualities given in Eqs. (3.32) and (3.34).
Let us now consider the group velocity of a wave packet governed by the dispersion relations
(3.14)-(3.16). In particular, we wish know its behavior at the critical point m = m′P , ω = ωP
and k = kP . As this is where the upper and lower branches of k± and ω±, for both m ≤ m′P
and m ≥ m′P , unite, ∂ω/∂k may change sign when moving between the eight difference sectors
defined by m ≷ mP , ω ≷ ωP and k ≷ kP . Hence, ∂ω/∂k = 0 at m = m′P , ω = ωP and k = kP
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Figure 2: k+ (blue) and k− (red) as a function of m.
is required if continuity is to be maintained within the same branch. Differentiating Eq. (3.18)
gives
∂ω
∂k
=
4mc2
~k3P
(1− k2P /k2)2
(1− ω2P /ω2)
k (m ≤ m′P ) (3.43)
where ω is given by Eqs. (3.19) and its dual under Eq. (3.32) is
∂ω
∂k
=
~
4m
(1− k2P /k2)2
(1− ω2P /ω2)
k (m ≥ m′P ) . (3.44)
Thus if k → kP sufficiently quickly as ω → ωP and m→ m′P , then ∂ω/∂k = 0 at m = m′P , and
is continuous. It is straightforward to verify that this is indeed the case.
Therefore, if a given wave packet has a positive group velocity for m < m′P , it will acquire
a negative group velocity for m > m′P , or vice-versa, depending on which solution branch we
take, ω+ or ω−. We may interpret the change in sign of ∂ω/∂k at the critical mass m′P as
physically meaningful, marking a phase transition in the state of the quantum matter. In Sec. 4
we will interpret transitions at m = m′P , which induce a change of sign in the group velocity, as
transitions between particle and black hole states. If we restrict ourselves to considering the rest
frame of the wave packet centre-of-mass (which we must do in order to associate the particle
momentum with the rest mass), then a change in sign of ∂ω/∂k marks the transition between an
expanding and a shrinking wave packet or, equivalently, between systems whose mass is confined
within a minimum or a maximum radius.
Finally, before moving on to consider the EOM and operators for the extended theory, we note
that, acccording to Eq. (3.25), there is a formal equivalence for m ≤ m′P between lP and the step
length d of a random walk. In this equivalence, the limit λ+ corresponds to the total distance,
∆ =
√
Nd, where the number of steps N is λC/lP . Random walks also give rise to Gaussian
distributions in the limit N → ∞, and Gaussian wave packets are the most natural models for
fundamental particles/black holes. According to Eq. (3.29), there is an equivalence for m ≥ m′P
between lP and d and between λ+ and the total distance ∆ where N is λS/lP . The precise
physical meaning of this equivalence is unclear, but it is interesting that several other approaches
to unified field theories and black hole systems also employ modified commutators/dispersion
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relations [22] or random walk models involving the Compton wavelength to describe quantum
gravitational fluctuations [23]. However, in many other respects, these differ greatly from the
theory presented here.
3.3 EOM, momentum and Hamiltonian operators for the extended theory
For m ≤ m′P , Eq. (3.18) gives
ω2k2 − 2mc
2
~k2P
(
k4 + 2k2Pk
2 + k4P
)
ω + ω2Pk
2 = 0 , (3.45)
where the dispersion relation that gives the standard Schro¨dinger equation is recovered from the
last two terms, which dominate for ω  ωP and k  kP . Eq. (3.17) suggests that the EOM for
the wave function is
Hˆψ =
pˆ2
2m
ψ =
1
2m
~2k4P
[−i(∂/∂x) + ik2P /(∂/∂x)]2
ψ =
~ω2P
[i(∂/∂t)− iω2P /(∂/∂t)]
ψ . (3.46)
We may rewrite this expression as
Hˆψ =
pˆ2
2m
ψ = − ~
2
2m
[1− k−2P (∂2/∂x2)]−2
∂2ψ
∂x2
= i~[1− ω−2P (∂2/∂t2)]−1
∂ψ
∂t
(3.47)
and define the operators in square brackets as Taylor series,
[1− k−2P (∂2/∂x2)]−2 =
∞∑
n=0
(n+ 1)k−2nP
∂2n
∂x2n
, (3.48)
[1− ω−2P (∂2/∂t2)]−1 =
∞∑
n=0
ω−2nP
∂2n
∂t2n
. (3.49)
Technically, these expansions are valid when applied to wave packets composed of plane-wave
modes, φ(k, ω : x, t) = exp[i(kx− ωt)] with ω < ωP and k < kP , since
∞∑
n=0
(n+ 1)k−2nP
∂2nφ
∂x2n
=
∞∑
n=0
(n+ 1)k−2nP (ik)
2nφ = [1 + (k/kP )
2]−2φ , (3.50)
∞∑
n=0
ω−2nP
∂2nφ
∂t2n
=
∞∑
n=0
ω−2nP (−iω)2nφ = [1 + (ω/ωP )2]−1φ , (3.51)
and the radius of convergence for the series are given by k/kP < 1 and ω/ωP < 1. In the
ω  ωP and k  kP regime, the higher order terms are subdominant and we obtain the
standard Schro¨dinger equation. However, for ω ≈ ωP and k ≈ kP , which applies necessarily for
any particle with m ≈ m′P , the higher order corrections become significant.
This is an important point. Even in the standard theory, we are not free to consider a
quantum state with ω ≈ ωP and k ≈ kP for any m, since these values necessarily imply
E ≈ 2pimP c2, m ≈ pimP , by substitution of the usual de Broglie relations into the non-relativisitc
energy-momentum relation. Similarly, in the extended theory, the limit m → m′P implies ω →
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ωP , k → kP and vice-versa. This point is explicitly inaccessible for particles with m 6= m′P , due
to the existence of the limiting values k±. Thus, systems with mass m′P , be they interpreted
as particles or black holes, are unique in this prescription. Alternatively, such systems may
be interpreted as black hole relics formed at the end of Hawking evaporation. These relics
represent unique quantum states, that fulfill the requirements of both fundamental particles
and black holes, where the Schwarzschild and Compton radii coincide (cf. [24]).
Since the series (3.50)-(3.51) do not converge for ω ≥ ωP and k ≥ kP , this motivates an
alternative definition of the Hamiltonian and momentum operators in the sub-Planckian regime,
based on rearranging Eq. (3.46) as
Hˆ ′ψ =
pˆ′2
2m
ψ = −4mc2k−2P [1− ω2P /(∂2/∂t2)]−1
∂2ψ
∂x2
= 2i~[1− k2P /(∂2/∂x2)]−2
∂ψ
∂t
. (3.52)
Here primes indicate modified Hamiltonian and momentum operators, which apply on sub-
Planckian scales (i.e. that operate on plane-wave modes with ω ≥ ωP , k ≥ kP ). The terms in
square brackets are defined via
[1− k2P /(∂2/∂x2)]−2 =
∞∑
n=0
(n+ 1)k
−(2n+4)
P
∂(2n+4)
∂x(2n+4)
, (3.53)
[1− ω2P /(∂2/∂t2)]−1 = −
∞∑
n=0
ω
−(2n+2)
P
∂(2n+2)
∂t(2n+2)
. (3.54)
In this case, we have
∞∑
n=0
(n+ 1)k
−(2n+4)
P
∂(2n+4)φ
∂x(2n+4)
=
∞∑
n=0
(n+ 1)k
−(2n+4)
P (ik)
(2n+4)φ = [1 + (kP /k)
2]−2φ,(3.55)
−
∞∑
n=0
ω
−(2n+2)
P
∂(2n+2)φ
∂t(2n+2)
= −
∞∑
n=0
ω
−(2n+2)
P (−iω)(2n+2)φ = [1 + (ωP /ω)2]−1φ . (3.56)
Strictly speaking, the series on left-hand sides of Eqs. (3.55) and (3.56) only converge to the
expressions on the right-hand sides for k/kP < 1 and ω/ωP < 1, respectively, as before. However,
the expressions on the right may also be expanded as
[1 + (kP /k)
2]−2 =
∞∑
n=0
(n+ 1)k−2n(ikP )2n, (3.57)
[1 + (ωP /ω)
2]−1 =
∞∑
n=0
ω−2n(−iωP )2n, (3.58)
which are analogous to the expressions in Eqs. (3.50)-(3.51), but with k ↔ kP and ω ↔ ωP
interchanged. This motivates the definitions
[1− k2P /(∂2/∂x2)]−2 =
∞∑
n=0
(n+ 1)k2nP
(
∂2n
∂x2n
)−1
, (3.59)
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[1− ω2P /(∂2/∂t2)]−1 =
∞∑
n=0
ω2nP
(
∂2n
∂t2n
)−1
, (3.60)
where it is understood that(
∂m
∂xm
)−1
φ = (ik)−mφ,
(
∂m
∂tm
)−1
φ = (−iω)−mφ, (3.61)
for all m ∈ N. Thus, acting on momentum eigenstates φ, the expansions (3.59)-(3.60) converge
for ω > ωP , k > kP .
In the limit ω  ωP , k  kP , Eq. (3.52) reduces to
Hˆ ′ψ =
pˆ′2
2m
ψ ≈ −4mc
2
k2P
∂2ψ
∂x2
≈ 2i~∂ψ
∂t
, (3.62)
This is equivalent to the EOM (3.7), obtained in the limit ω  ωP and k  kP for m mP , up
to numerical factors of order unity. With this choice of factors, however, Eqs. (3.47) and (3.52)
give Hˆψ = Hˆ ′ψ = 2m′P c
2 for m = m′P , ω = ωP , k = kP , via an appropriate limiting procedure.
For m ≥ m′P , the same analysis applies providing one replaces m with m′2P /m in all the
above equations. However, we here treat it in detail, since some of the ideas, such as redefining
Hamiltonians (motivated by extended dispersion relations), are unfamiliar. The dual of Eq.
(3.18) under Eq. (3.32) gives
ω2k2 − ~
8m
(
k4 + 2k2Pk
2 + k4P
)
ω + ω2Pk
2 = 0, (3.63)
and Eq. (3.26) suggests the EOM
Hˆψ =
pˆ2
2m
ψ =
~2
32m
[−i(∂/∂x) + ik2P /(∂/∂x)]2ψ =
~
4
[i(∂/∂t)− iω2P /(∂/∂t)]ψ . (3.64)
We can make sense of this expression for ω < ωP , k < kP by rewriting it as
Hˆ ′ψ =
pˆ′2
2m
ψ = −mc2k−2P [1− ω−2P (∂2/∂t2)]
∂2ψ
∂x2
=
i~
8
[1− k−2P (∂2/∂x2)]2
∂ψ
∂t
, (3.65)
which, in the ω  ωP and k  kP limit, reduces to
Hˆ ′ψ =
pˆ′2
2m
ψ ≈ −mc2k−2P
∂2ψ
∂x2
=
i~
8
∂ψ
∂t
, (3.66)
which is analogous to Eq. (3.62) up to numerical factors. Our previous results then motivate
the definition
Hˆψ =
pˆ2
2m
ψ = − ~
2
32m
[
1− k
2
P
∂2/∂x2
]2
∂2ψ
∂x2
=
i~
4
[
1− ω
2
P
∂2/∂t2
]
∂ψ
∂t
, (3.67)
for ω > ωP and k > kP , where we can make sense of the terms in square brackets using Eq.
(3.61). Eq. (3.67) reduces to
Hˆψ =
pˆ2
2m
ψ ≈ − ~
2
32m
∂2ψ
∂x2
≈ i~
4
∂ψ
∂t
(3.68)
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in the limit ω  ωP and k  kP , i.e. to the standard Schro¨dinger equation up to numerical
factors. It is again straightforward to check that Eqs. (3.65) and (3.67) give Hˆψ = Hˆ ′ψ = 2m′P c
2
for m = m′P , ω = ωP and k = kP , by taking appropriate limits.
By comparison with Eqs. (3.38)-(3.39) and (3.41)-(3.42), we see that redefining the mo-
mentum and Hamiltonian operators for m ≤ m′P corresponds to taking the ω+ branch of the
solution, whereas the original definitions correspond the ω− branch. For m ≥ m′P , the reverse is
true, and the redefinition corresponds to taking the ω− branch, whereas the original definitions
correspond to ω+. Hence the EOM in the asymptotic regions m ≤ m′P , ω  ωP , k  kP and
m ≥ m′P , ω  ωP , k  kP are nearly the same, differing only up to numerical factors. The
same applies for the asymptotic regions m ≥ m′P , ω  ωP , k  kP and m ≤ m′P , ω  ωP ,
k  kP . This symmetry is indicated in Fig. 1 and results from the fact that the asymptotes in
opposite corners of the (log ω, log k) diagram are parallel.
As we shall see in the next section, a similar correspondence holds between the critical
wavelengths associated with the maximum or minimum positional uncertainty of the system,
λ±crit(m). These determine the modified Compton and Schwarzschild lines in the extended de
Broglie theory. The λ+crit lines for m ≤ m′P , ω  ωP , k  kP and m ≥ m′P , ω  ωP , k  kP
are equivalent to the λ−crit lines for m ≥ m′P , ω  ωP , k  kP and m ≤ m′P , ω  ωP , k  kP ,
respectively. Between the two half-planes, m ≤ m′P and m ≥ m′P , the modified Compton and
Schwarzschild lines (denoted by λ′C in the first region and λ
′
S in the second) form a continuous
curve, with the separation between particle and black hole states appearing at m = m′P , where
the λ±crit curves from all four sectors meet. Crucially, λ
′
C may be interpreted as a minimum
radius, whereas λ′S is interpreted as a maximum radius. Both curves remain above the line
λ = lP , suggesting that physically observable length scales remain super-Planckian, even if we
allow for the existence of sub-Planckian de Broglie waves in the extended theory.
4 Compton−Schwarzschild correspondence from extended de
Broglie relations
We have demonstrated the consistency of the redefined momentum operator (3.8) in the asymp-
totic limit m  mP , ω  ωP , k  kP with the uncertainty relations via the identifications in
Eq. (3.13). We may do the same with the redefined momentum operator (3.52) in the limit
m  mP , ω  ωP , k  kP by again identifying ∆ψx and ∆ψp′ with appropriate quantities.
However, it is easier to work directly with Eqs. (3.46) and (3.64) in order to obtain a phe-
nomenological model which is consistent with our previous results. Equation (3.46) suggests the
identifications
∆ψx ≈ k1
(
c′1λcrit +
l2P
c′1λcrit
)
=
(
c1λcrit +
c2l
2
P
λcrit
)
, ∆ψp ≈ mP cµ−1 (m ≤ m′P ) (4.1)
where
µ ≡ m
m′P
+
m′P
m
. (4.2)
Eq. (3.64) then gives
∆ψx ≈ k2l2P
(
c′2λcrit +
l2P
c′2λcrit
)−1
= l2P
(
c3λcrit +
c4l
2
P
λcrit
)−1
, ∆ψp ≈ mP cµ
4
(m ≥ m′P ) , (4.3)
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where in both cases
pˆ ≈ −i~(∂/∂x) , [xˆ, pˆ] ≈ i~ , (4.4)
to first order. The numerical factors c1− c4 must be fixed by requiring these formulae to reduce
to the correct asymptotic forms and by matching λ±crit at m = m
′
P . Note that there is always
some ambiguity, even in the standard theory, as to the constants of proportionality between ∆ψx
and λC or ∆ψp and mc. In the extended theory, what is important is that the free constants
are fixed so as to give the correct asymptotic expressions for λC or λS .
The continuity of ∆ψp at the critical point is ensured by the definitions above, since we have
chosen to absorb all the ambiguity associated with the uncertainties into the identification of
∆ψx. Thus, if a self-consistent formulation is possible, fixing the values of the constants c1 − c4
and imposing continuity of λcrit at m = m
′
P should also ensure continuity of ∆ψx at some length
scale ∆ψx = γlP with γ > 0. This implies
c1 + c2 =
γ
c3 + c4
. (4.5)
We note also that the numerical factor multiplying the standard expression for the Compton
wavelength (interpreted as the point at which pair-production become significant) is to some
degree arbitrary. We now fix this by requiring the Compton line to intersect the Schwarzschild
line at m = m′P . Putting
λC = ζ
lpmP
2m
= λS =
2lPm
mP
(4.6)
implies
ζ = 4m2/m2P . (4.7)
Then substituting m = m′P gives
ζ = pi2 (4.8)
and this implies the correspondence
λC =
pi2lpmP
2m
↔ λS = 2lPm
mP
(4.9)
under the transformation m↔ m′2P /m.
From the UP and Eq. (4.1), we have
c1λ
2
crit −
1
2
µlPλcrit + c2l
2
P ≥ 0 (4.10)
for m ≤ m′P , which gives the solution
λ±crit =
lPµ
4c1
[
1±
√
1− 16c1c2µ−2
]
, (4.11)
where the inequality is satisfied for λ ≥ λ+crit or λ ≤ λ−crit. In the limit m m′P , this gives
λ+crit ≈ (pi/4)c−11 (mP /m)lP + . . . , λ−crit ≈ (4/pi)c2(m/mP )lP + . . . . (4.12)
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Since we require λ+crit = λC = (pim
′
P /m)lP in this limit, this sets
c1 = (2pi)
−1. (4.13)
From the UP and Eq. (4.3), we have
c3λ
2
crit −
1
2
µlPλcrit + c4l
2
P ≤ 0 (4.14)
for m ≥ m′P . This gives the solution
λ±crit =
lPµ
4c3
[
1±
√
1− 16c3c4µ−2
]
, (4.15)
where the inequality is satisfied for λ−crit ≤ λ ≤ λ+crit. In the limit m m′P , this gives
λ+crit ≈ pi−1c−13 (m/mP )lP + . . . , λ−crit ≈ pic4(mP /m)lP + . . . . (4.16)
Since we require λ+crit = λS = 2(m/mP )lP in this limit, this sets
c3 = c1 = (2pi)
−1. (4.17)
The continuity of λ±crit at m = m
′
P requires c1c2 = c3c4, and hence c2 = c4. If we impose the
further condition λ+crit = λ
−
crit at the critical point, by analogy with our previous results, this
implies
c2 = c4 = (pi/2). (4.18)
Substituting for c1 to c4 in Eq. (4.5) then implies γ = 1, so that ∆ψx = lP at m = m
′
P and is
continuous, as required. Thus we have
∆ψx
{
& (∆ψx)min = [λ±crit/(2pi) + (pi/2)l2P /λ±crit] (m ≤ m′P )
. (∆ψx)max = [λ±crit/(2pi) + (pi/2)l2P /λ±crit] (m ≥ m′P ) ,
(4.19)
where the λ±crit are given by Eq. (4.11) or (4.15), since these define the same curve after fixing
the values of c1 − c4. The value of ∆ψx is independent of the solution branch, since
λ±crit/(2pi)↔ (pi/2)l2P /λ∓crit . (4.20)
Although there are only two curves, λ±crit, which are valid for all values of m, the direction of the
inequality implied by the UP changes at m = m′P , so that the allowed wavelength ranges for a
given mass also change. Specifically, for m ≤ m′P , the UP inequality is satisfied for λcrit ≥ λ+crit
or λcrit ≤ λ−crit whereas, for m ≥ m′P , it is satisfied for λ−crit ≤ λcrit ≤ λ+crit.
A plot of the standard Compton line, defined as λC = (pim
′
P /m)lP , and Schwarzschild
line is given in Fig. 3. Both curves, λ±crit, are shown in Fig. 4. The lines in the former are
straight, whereas those in the latter are V -shaped. In Fig. 3, the Compton line may be trusted
only up to m = m′P since gravitational effects become important above this. Likewise, the
standard Schwarzschild line may be trusted only down to this point since quantum effects become
significant below this. This effectively rules out the lower half of the diagram, which corresponds
to de Broglie waves with sub-Planckian wavelengths and periods. Thus, in the standard picture,
we must rely on non-gravitational quantum mechanics for m ≤ m′P and classical gravity for
m ≥ m′P , and the lower half plane is completely inaccessible in either case. By contrast,
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Figure 3: Showing the Compton line in canonical non-relativistic quantum mechanics, λC =
(pim′P /m)lP , the Schwarzschild line, λS = 2(mP /m)lP , and their intersect at m = m
′
P .
in Fig. 4, λ+crit covers both the gravitational and non-gravitational sectors (i.e. the regions
corresponding to both fundamental particles and black holes) in the super-Planckian regime,
whereas λ−crit covers both sectors in the sub-Planckian regime.
In order to recover the usual identifications
(∆ψx)min ≈ λC = (1/2)lP (mP /m) , (∆ψp)max ≈ mc (4.21)
in the limit m m′P , it is clear that we require
λ′C/S = 2pi∆ψx = 2pi[(λ
±
crit/(2pi)) + ((pi/2)l
2
P /(λ
±
crit)], mc = (pi/2)∆ψp . (4.22)
Here λ′C/S denotes a single curve but we use the notation λ
′
C = 2pi(∆ψx)min for m ≤ m′P and
λ′S = 2pi(∆ψx)max for m ≥ m′P , in order to distinguish the physical implications of each limit:
one represents a minimum spatial width for the wave packet, whereas the other represents a
maximum. There is no difficulty in identifying 2pi∆ψx with a given limit rather than ∆ψx, since
the uncertainty represents an average over all plane wave modes in the wave packet ψ, not an
absolute maximum/minimum attainable value. Thus, we have
λ′C ≈ (pim′P /m)lP (m m′P ), λ′S ≈ 2(mP /m)lP (m m′P ) (4.23)
in the asymptotic regions, but the two lines meet smoothly at m = m′P , λ
′
C = λ
′
S = 2pilP . Fig. 5
shows the λ′C and λ
′
S curve, together with the λC and λS lines to which it tends for m  m′P
and m  m′P . Fig. 6 shows λ′C and λ′S , together with the shaded regions that represent the
direction of the inequality obtained from the UP.
In Schro¨dinger’s equation, (~/2m) is formally equivalent to a diffusion coefficient for the
complex ‘density’ ψ. By rewriting the equation as i(∂ψ/∂ct) = (~/2mc)~∇2ψ, we may interpret
the standard expression for the Compton wavelength as giving the order of magnitude value
of the corresponding diffusion length. Physically, for a particle with rest mass m ≥ m′P (i.e.
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Figure 4: λ±crit, obtained from Eqs. (4.11)/(4.15) for c3 = c1 = (2pi)
−1 and c2 = c4 = pi/2.
a black hole), the two solution branches λ∓ = (2pi)/k± obtained from the dual of Eq. (3.22),
may be interpreted as limits on the diffusion lengths for a wave packet with self-gravity. By
contrast, the two solutions λ±crit obtained from Eq. (4.15) – or, more strictly, the combination
λ′C/S – represent maximum and minimum bounds on the spatial localization of the wave packet,
obtained by performing measurements to ascertain the position of the centre of mass. In canon-
ical quantum mechanics, the characteristic diffusion and localization lengths coincide, whereas
in the modified theory presented here they are related, by Eq. (3.25) in the limit m m′P and
by Eq. (3.29) in the limit m m′P , but distinct.
For m ≥ m′P , the two solution branches λ±crit explain the existence of the Schwarzschild
radius as a quantum mechanical phenomenon due to the self-gravity of the wave packet, as well
as the Compton radius. The latter is due to the usual quantum mechanical effects, which are
now modified (even for small mass particles) due to self-gravity effects. Thus λ−crit, which is
sub-Planckian even if physical observables such as ∆ψx remain super-Planckian, can be inter-
preted as giving rise to a Compton-type minimum radius, which still prevents the collapse of
matter inside the black hole to a singularity, whereas λ+crit gives rise to the Schwarzschild radius.
In general (∆ψx)min ≤ ∆ψx ≤ (∆ψx)max, where 2pi(∆ψx)min ≈ 2pilP and 2pi(∆ψx)max ≈ λS ,
asymptotically for m m′P . Interestingly, although the extended de Broglie relations allow sub-
Planckian matter wave modes, the fact that ∆ψx ≥ lP for all m implies that physical observables
are limited to the super-Planckian regime. For m ≤ m′P , much the same is true, except that the
limits on the localization scale (interpreted as the particle radius) give 2pi(∆ψx)min ≥ λC ≥ 2pilP
for m m′P . Again, although sub-Planckian matter waves are permitted, physical observables
are limited to super-Planckian scales.
The extended de Broglie theory therefore provides a concrete manifestation of a minimum
length uncertainty relation (MLUR). It has previously been suggested, using a variety of dif-
ferent arguments, that such relations should arise due to quantum gravitational effects (see, for
example [25, 26, 27]). More generally, it has been argued that quantum gravity implies the
existence of a minimum length, usually assumed to be of the order of the Planck length (see
[28, 29] for reviews). The extended de Broglie theory is therefore consistent with such generic
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Figure 5: Comparing λ′C/S from Eq. (4.22) (green curve) to the asymptotes λC = (pim
′
P /m)lP
(red line) and λS = 2(mP /m)lP (blue line).
considerations and with some (but not all) forms of MLUR already proposed in the literature.
Specifically, the theory is compatible with the phenomenology implied by certain forms of the
GUP, as mentioned previously, and discussed further below.
Interestingly, if recent experimental proposals to test the time-energy counterparts of position-
momentum MLUR’s using Mo¨ssbauer neutrinos [30] are implemented, it may be possible to test
relations of the form proposed here in the near future. It has also been suggested that such mod-
ified relations may be able to explain long-standing fundamental problems, such as the problem
of quantum measurement/decoherence, CPT violation and the emergence of matter-antimatter
asymmetry [31].
We may conjecture that a line defined by λ′′S/C = l
2
P /λ
′
C/S (i.e. the reflection of the modified
Compton-Schwarzschild line in λ = lP ) could be interpreted as giving the modified Schwarzschild
and Compton radii in the sub-Planckian regime. Note the interchange of the indices C and S,
vis-a-vis the line λ′C/S . Although not directly observable, a Compton-type limit of this form,
extending into the region m ≥ m′P , may prevent singularity formation at the centre of a black
hole. It would also be interesting to study its implications in the region m ≤ m′P − namely, the
existence of a ‘quantum’ Schwarzschild radius within a fundamental particle.
Let us now compare these results with the predictions of the Generalized Uncertainty Princi-
ple (GUP). As one approaches the Planck energy from below, it has been argued [32, 33, 34, 35]
that the Heisenberg Uncertainty Principle (HUP), ∆x∆p ≥ ~/2, should be replaced by a GUP
of the form
∆x >
~
∆p
+
(
α˜l2P
~
)
∆p . (4.24)
Here α˜ is a dimensionless constant which depends on the particular model and the factor of 2
in the first term has been dropped. We also use the notation ∆x and ∆p instead of ∆ψx and
∆ψp in the GUP, to indicate that we refer specifically to modifications of the HUP, rather than
modifications of Eq. (2.3). Eq. (2.3), with Oˆ1 = xˆ and Oˆ2 = pˆ is also known as the Schro¨dinger-
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Figure 6: The λ′C/S curve, including the shaded regions representing the allowed regions accord-
ing to the direction of the inequality obtained from the UP. We refer to the generalized Compton
line, λ′C , for m ≤ m′P and the generalized event horizon, λ′S , for m ≥ m′P .
Robertson Uncertainty Principle (SUP) [36, 37], and is well defined in terms of the fundamental
state space structure of canonical quantum mechanics. By contrast, the ‘traditional’ HUP is
based on heuristic arguments and must be viewed as a postulate, with no rigorous foundation
in the underlying mathematical structure of quantum theory [38, 39]. Variants of (4.24) can
be found in other approaches to quantum gravity, including loop quantum gravity [40, 41],
string theory [42, 43, 44, 45, 46, 47], non-commutative quantum mechanics [48], gravitational
ultraviolet self-completeness [49] and general minimum length considerations [50, 51, 52].
If we rewrite (4.24) using the substitution ∆x→ λ and ∆p→ mc, it becomes
λ > λ˜C ≡ ~
mc
+
α˜Gm
c2
=
~
mc
[
1 + α˜
(
m
mP
)2]
. (4.25)
This expression may be regarded as a generalized Compton wavelength obtained from the GUP,
the last term representing a small correction as one approaches the Planck point from below.
However, one can also apply (4.25) for m  mP and it is interesting that in this regime it
asymptotes to the Schwarzschild form, apart from a numerical factor. This suggests that there
is a different kind of positional uncertainty for an object larger than the Planck mass, related to
the existence of black holes. This is not unreasonable since the Compton wavelength is below
the Planck scale here. Also an outside observer cannot localize an object on a scale smaller than
its Schwarzschild radius.
The GUP also has important implications for the black hole horizon size, as can be seen by
examining what happens as one approaches the intersect point from the right. In this limit, it
is natural to write (4.25) as
λ > λ˜S =
α˜Gm
c2
[
1 +
1
α˜
(mP
m
)2]
(4.26)
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and this represents a small perturbation to the Schwarzschild radius for m mP if one assumes
α = 2. There is no reason for anticipating α = 2 in the heuristic derivation of the GUP.
However, the factor of 2 in the expression for the Schwarzschild radius is precise, whereas
the coefficient associated with the Compton term is somewhat arbitrary. This motivates an
alternative approach in which the free constant in (4.25) is associated with the first term rather
than the second. One then replaces Eqs. (4.25) and (4.26) with the expressions
λ˜C =
β˜~
mc
[
1 +
2
β˜
(
m
mP
)2]
(4.27)
and
λ˜S =
2Gm
c2
[
1 +
β˜
2
(mP
m
)2]
(4.28)
for some constant β˜, with the second expression being regarded as a Generalized Event Horizon
(GEH). In principle, the constants α˜ in Eq. (4.25) and β˜ in Eq. (4.28) could be independent.
These arguments suggest that there is a connection between the Uncertainty Principle on
microscopic scales and black holes on macroscopic scales. This is termed the Black Hole Un-
certainty Principle (BHUP) correspondence and it is manifested in a unified expression for the
Compton wavelength and Schwarzschild radius [4]. It is a natural consequence of combining the
notions of the GUP and the GEH. Indeed, it would be satisfied for any form of the function
λ˜C ≡ λ˜S which asymptotes to λC for m  mP and λS for m  mP . Models in which this
function is symmetric under the duality transformation m↔ const.×m2P /m are said to satisfy
the strong BHUP correspondence [4].
Recently, an alternative interpretation of Eq. (4.28) has been suggested [24] (henceforth
CMN), in which one distinguishes between m and the ADM mass
mADM = m
(
1 +
β˜
2
m2P
m2
)
. (4.29)
This is close to m for m mP but it reaches a minimum value of
√
β˜/2mP as m decreases and
then diverges as m→ 0. Clearly mADM is closely related to the quantity µ defined by Eq. (4.2).
Indeed, one can make the identification mADM = µm
′
P providing β˜ = pi/
√
2. This version of
the GUP therefore seems particularly close to the present approach, though one fundamental
difference remains: in standard GUP scenarios, the Schwarzschild remains a minimum radius,
rather than a maximum.
5 Extended de Broglie relations and the Hawking temperature
The Hawking temperature for black holes may be derived heuristically in canonical non-relativistic
quantum mechanics by assuming ‘saturation’ of the UP in the following sense. Keeping in mind
the direction of the inequality implied by the heuristic UP-based argument, one has an upper
limit on ∆ψx associated with the size of the black hole and a corresponding lower limit on ∆ψp:
(∆ψx)max ≈ λS = 2mlP
mP
, (∆ψp)min ≈ 1
2
~
λS
=
1
4
m2P c
m
. (5.1)
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A temperature TH may then be defined by
(∆ψp)min = χmP c
TH
TP
, (5.2)
where TP = mP c
2/kB is the Planck temperature and χ is a constant. Agreement with the
Hawking temperature requires χ = 2pi, so that
TH =
~c3
8piGmkB
=
1
8pi
mPTP
m
. (5.3)
As suggested in [10], we may also invoke the saturation condition to define a lower limit on the
size of a particle and an associated upper limit on the momentum uncertainty:
(∆ψx)min ≈ λC = pim
′
P lP
m
, (∆ψp)max ≈ 1
2
~
λC
=
1
pi2
mc . (5.4)
This defines the Compton line, with the numerical factor chosen to ensure continuity at its
intersect with the Schwarzschild line at m = m′P . We then define a Compton temperature by
TC =
1
χpi2
m
mP
TP =
1
2pi3
mc2
kB
, (5.5)
where χ = 2pi again ensures that TC and TH meet at m = m
′
P . In this case, the direction of the
inequality implied by the UP changes at m = m′P , so that the Hawking temperature may be
regarded as a minimum temperature and the Compton temperature as a maximum temperature.
This gives TC = TH = (2pi)
−2TP at the critical point and the two temperatures are plotted, as
red and blue lines, respectively, as functions of m in Fig. 8.
In the extended de Broglie relations theory, we have
2pi∆ψx ≡ λ′C/S = 2pi[λ±crit/(2pi) + (pi/2)l2P /λ±crit] ,
(pi/2)∆ψp ≡ pi
2
~
λ′C/S
=
pi
4
lPmP c
[λ±crit/(2pi) + (pi/2)l
2
P /λ
±
crit]
= 2pimP c
T ′C/H
TP
, (5.6)
where, by our previous convention, we use λ′C and T
′
C for m ≤ m′P and λ′S and T ′H for m ≥
m′P . In this notation, T
′
C represents the generalized Compton temperature, which differs from
Eq. (5.5) due to the self-gravity of the wave packet, and T ′H represents the generalized Hawking
temperature, which is likewise modified due to quantum gravitational effects. Then T ′C = T
′
H =
(16pi)−1TP at m = m′P but T
′
C ≈ TC = (2pi3)−1(mc2/kB) for m  m′P and T ′H ≈ TH =
(8pi)−1(~c3/GmkB) for m  m′P , as required. The T ′C/H curves are also shown (in green),
together with the TC and TH asymptotes in Fig. 8.
We now recall the determination of the temperature in the usual GUP approach [24]. Adler
et al. assume that ∆x is associated with the Schwarzschild radius but that ∆p and ∆x are
related by the linear form of the GUP. In this case, identifying the size of the black hole with
the wavelength of the emitted radiation gives
2Gm
c2
=
~ηc
kBT
+
α˜GkBT
ηc4
(5.7)
where η is a numerical constant; this is equivalent to 1/(2χ) where χ is the constant appearing
in the extended de Broglie analysis. This leads to a temperature
T =
ηmc2
α˜kB
(
1−
√
1− α˜m
2
P
m2
)
, (5.8)
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Figure 7: Comparing modified Compton and Hawking temperatures, T ′C and T
′
H , in the extended
de Broglie relations theory, with the Compton temperature TC in canonical quantum theory and
the Hawking temperature TH in semi-classical gravity.
giving a small perturbation to the standard Hawking temperature,
T ≈ η~c
3
2Gkm
[
1 +
α˜m2P
4m2
]
, (5.9)
for m  mP , if we choose η = (4pi)−1. However, the exact expression becomes complex when
m falls below
√
α˜mP , corresponding to a minimum mass and a maximum temperature.
We obtain a different result if we express T in terms of m by identifying the size of the GEH
(rather than the Schwarzschild radius) with the wavelength of the emitted radiation:(
~ηc
kBT
)
+
(
α˜l2PkBT
~ηc
)
=
(
~β˜
mc
)
+
(
2Gm
c2
)
. (5.10)
This implies
kBT =
ηmc2
α˜
f(m, α˜, β˜) (5.11)
where the function f is real for α˜ < 2β˜ and given by
f(m, α˜, β˜) = 1 +
β˜
2
(mP
m
)2 ±
√
1 + (β˜ − α˜)
(mP
m
)2
+
β˜2
4
(mP
m
)4
. (5.12)
This can be approximated by
T ≈ η~c
3
2GkBm
[
1−
(
2β˜ − α˜
4
)(mP
m
)2]
(5.13)
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for m mP and
T ≈ ηmc
2
kBβ˜
[
1−
(
2β˜ − α˜
β˜2
)(
m
mP
)2]
(5.14)
for m mP . The special case α˜ = 2β˜, associated with the BHUP correspondence, gives
kBT = min
[
~ηc3
2Gm
,
2ηmc2
α˜
]
. (5.15)
The first expression is the exact Hawking temperature, with no small correction term, but one
must cross over to the second expression below m =
√
α˜/4mP in order to avoid the temperature
going above the Planck value TP = mP c
2/kB.
In the CMN model [24], the temperature is still given by (5.8) providing m is interpreted
as the ADM mass (4.29). Since this has a minimum of
√
β˜/2mP , the temperature reaches a
maximum and then decreases for α˜ < 2β˜ rather than going complex. We note that temperature
(5.8) is qualitatively similar to T ′C/H given by Eq. (5.6). However, CMN also calculate the black
hole temperature using the surface gravity argument and this gives a slightly different result:
T =
m2P
8pim(1 + β˜m2P /2m
2)
c2
kB
. (5.16)
The limiting behaviour in the different mass regimes is as follows:
m mP =⇒ T ≈ m
2
P
8pim
[
1− β˜
(mP
m
)2] c2
kB
(5.17)
m ≈ mP =⇒ T ≈ mP
8pi(1 + β˜/2)
c2
kB
(5.18)
m mP =⇒ T ≈ m
4piβ˜
[
1− 1
β˜
(
m
mP
)2] c2
kB
. (5.19)
The large m limit (5.17) is the usual Schwarzschild temperature but, as the black hole evaporates,
it reaches a maximum temperature (5.18). The temperatures given by (5.11) and (5.16) agree
to first order but not to second order.
The point of this discussion is to emphasize that there are several possible forms for the mass
dependence of the black hole temperature, depending on the precise form of the GUP, and none
of these is exactly the form predicted by our extended de Broglie relations. However, the latter
derive from Eqs. (3.14)-(3.16), which merely represent the simplest possible situation and are
only applicable in the non-relativistic context anyway. Therefore it is premature to conclude
which prediction is correct. The important point is that all the expressions agree asymptotically,
tending to TH for m mP and TC for m mP .
6 Discussion
We have proposed a modification of canonical quantum theory based on modified de Broglie
relations, which allow the concept of a matter wave to be extended to ‘particles’ with energies
above the Planck scale (i.e. black holes). The extended de Broglie relations give GUP-type phe-
nomenology, leading to the Compton-Schwarzschild correspondence, also known as the Black
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Hole Uncertainty Principle (BHUP) correspondence [4], without violating the fundamental UP
derived from the state space structure of quantum mechanics. This state space structure is
crucial to both the mathematical self-consistency of the theory and its physical interpretation
as a probabilistic theory. Any phenomenological modifications to the standard UP, motivated
by such heuristic considerations as the disturbance to the quantum mechanical system caused
by the gravitational field of the probing particle, must be checked for mathematical consistency.
This may be possible using theories of deformed quantum mechanics, in which the deforma-
tion parameter is explicitly linked to a change in the background metric [12, 16, 17]. However,
it remains unclear whether any GUP-type phenomenology which leads to a unified expression
for the Compton and Schwarzschild scales can account for their different physical natures. In
particular, the Compton radius represents the minimum scale within which the mass of a quan-
tum mechanical particle is localized, whereas the Schwarzschild radius represents the maximum
localization radius. One advantage of the extended de Broglie theory is that it yields a min-
imum localization scale for m ≤ m′P and a maximum localization scale for m ≥ m′P (where
m′P = (pi/2)mP ≈ mP ), as required.
One drawback of the non-relativistic analysis is that our derivations of the modified Compton
and Schwarzschild expressions, λ′C and λ
′
S , do not really apply in the relativistic context. This is
analogous to the fact that the standard Compton wavelength expression, λC , does not apply in
canonical non-relativistic quantum theory. Rather, it is a relativistic result, derived heuristically
from the non-relativistic theory, that marks the point at which the non-relativistic theory itself
becomes invalid. Further work is required to determine whether the results contained in the
present work can be reproduced in a relativistic model.
It is encouraging that expressions for the Schwarzschild and Compton scales may be ob-
tained in a na¨ive non-relativistic theory by introducing extended de Broglie relations for energies
E > mP c
2. We therefore consider the possibility that combining extended relations with fully
relativistic energy-momentum relations may yield relativistic field theories (or at least theories
in which Lorentz invariance is violated only close to the Planck scale) which correctly incorpo-
rate quantum gravitational effects and key features of classical gravity in the appropriate limit.
Nonetheless, precise calculations are required to establish concrete predictions in the relativistic-
gravitational regime.
In this context, the issue arises of whether local Lorentz invariance applies when moving to
a fully relativistic theory with extended de Broglie relations. Specifically, we must consider the
questions: Is Lorentz invariance violated on scales close to lP or tP and, if so, how does the
extended theory relate to models that violate Lorentz invariance close to the Planck scales, such
as doubly special relativity [53] or gravity’s rainbow [54]? Does making extended relations con-
sistent with the relativistic energy-momentum relation fix the form of the dispersion relations,
or are multiple formulations which give the same asymptotic behavior possible? For example,
do we need to add terms in quadrature in order to obtain a self-consistent generalization of the
Dirac or Klein-Gordon equations? Extension to the fully relativistic case is clearly important,
but conceptual and technical difficulties resulting from such questions remain.
An advantage of the extended de Broglie theory is that it provides a unifed ontology, in which
the Compton and Schwarzschild expressions in all four sectors of the (log m, log λ) diagram
arise from the same underlying theory. We no longer need to extrapolate classical gravity theory
(either Newtonian gravity with a maximum velocity vmax = c or general relativity) into regions
where quantum effects become important. Nor need we extrapolate non-gravitational quantum
theory into regimes in which gravitational effects become significant. The extended de Broglie
relations yield features of classical gravitation in the quantum regime and features of canonical
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quantum mechanics in the gravitational regime, which bolsters our claim that the extended
relations should be interpreted as representing quantum gravity effects. Since sub-Planckian
solutions are a formal mathematical feature of the extended relations, we should take seriously
the possibility of extending the notion of de Broglie matter waves into the sub-Planckian region,
even though it is unclear how to interpret them physically. It is encouraging that the results
of this study suggest that, even if we allow sub-Planckian modes, physical observables such as
∆ψx or particle/black hole radii are still super-Planckian.
In extended de Broglie theory, the Hamiltonian and momentum operators are defined via
expansions which contain an infinite number of terms, so we formally require an infinite number
of boundary conditions to solve the quantum EOM. In classical physics, a theory requiring such
conditions would be considered unphysical. However, even in canonical quantum physics, the
initial conditions are fixed up to any order, since the EOM must act on an initial (known) wave
function ψ. The same applies here, so in principle this is no problem. One crucial difference
between the extended and canonical theories is that we cannot predict the quantum evolution
of ψ with complete precision. Nonetheless, we can predict it with arbitrary precision, by taking
enough terms in the series to compare with experimental data.
As with any quantum theory, a further complication arises because the quantum EOM de-
pend on the form in which the dispersion relations are written. The EOM corresponding to
a specific dispersion relation is unique in classical mechanics but not in quantum theory. The
most famous example is the difference between the Klein-Gordon equation, which corresponds
to substituting the de Broglie relations into E2 = p2c2 + m2c4, and the Dirac equation, which
corresponds to substituting them into E = ±
√
p2c2 +m2c4. In the extended de Broglie theory,
we face an additional ambiguity in that, not only the form of the classical energy-momentum
relation matters, but also how we rearrange it after substitution of the quantum relations. Our
definitions are motivated by the need to consistently interpret the EOM as a quantum analogue
of a classical energy-momentum relation in which the operators corresponding to energy and
momentum can be clearly identified (and computed). However, this prescription is not unique
and other (inequivalent) quantum theories may exist, even for the same relations. Whether or
not this ambiguity is desirable for developing a consistent theory of quantum gravitational in-
teractions is debatable. In principle, each new theory may describe the interactions of different
kinds of fundamental particle which couple to gravity in different ways, just as the inequivalent
Klein-Gordon and Dirac theories describe the quantum dynamics of bosons and fermions.
Finally, we note that it would also be interesting to consider the implications of extended
de Broglie theory in the context of higher dimensions. The Schwarzschild radius of a black
hole is independent of Planck’s constant only in d = 3 spatial dimensions, so that higher-
dimensional black holes are necessarily both gravitational and quantum objects. Though the
standard Compton wavelength is independent of Newton’s constant, an argument for the di-
mensional dependence of the Compton formula is proposed in [10] which, if correct, implies
that fundamental particles are manifestly quantum and gravitational for d 6= 3. This argument
is proposed within the framework of canonical quantum theory, but it would be interesting to
apply analogous reasoning in the context of the extended relations presented here. In this case,
both black holes and fundamental particles are manifestly quantum and gravitational even in
three spatial dimensions.
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A Unitary evolution of self-gravitating states
In this section we demonstrate that the extended de Broglie relations satisfy unitarity in all
four regimes. In canonical quantum mechanics, the Schro¨dinger equation with general time-
independent Hamiltonian Hˆ(x) is
i~
∂ψ
∂t
= Hˆ(x)ψ . (A-1)
It follows that the time evolution of a single momentum eigenstate φ(x, 0) = eikx, existing at
t = 0, is given by the unitary operator
Uˆk(t) = e
−iω(k)tI = e−iEkt/~I , (A-2)
where Hˆ(x)eikx = Eke
ikx and Ek = ~ω(k). This ensures that the first de Broglie relation,
E = ~ω, holds for each individual eigenfunction φ(x, t) = ei(kx−ω(k)t), corresponding to the
momentum eigenvalue k. However, the form of ω(k) cannot be determined without specifying
the Hamiltonian.
For general wave packets,
ψ(x, t) =
∫ ∞
−∞
a(k)ei(kx−ω(k)t)dk , (A-3)
Eq. (A-1) yields
~
∫ ∞
−∞
a(k)ω(k)ei(kx−ω(k)t)dk =
∫ ∞
−∞
a(k)Hˆ(x)ei(kx−ω(k)t)dk , (A-4)
which holds if and only if Hˆ(x)eikx = ~ω(k)eikx for all k. It follows from the definition of a
function of an operator [2] that the time evolution of a general initial wave packet, ψ(x, 0) =∫∞
−∞ a(k)e
ikxdk, is given by
Uˆ(x, t) = e−iHˆ(x)t/~I . (A-5)
For free particles, we therefore require Hˆ(x) = −~2/(2m)(∂2/∂x2). This ensures that the second
de Broglie relation, p = ~k, holds in conjunction with the non-relativistic energy-momentum
relation, E = p2/(2m), giving ω(k) = ~k2/(2m).
We now consider the time evolution operator corresponding to Eq. (3.47), which we first
rewrite as
i~[1− ω−2P (∂2/∂t2)]−1
∂ψ
∂t
= Hˆ(x)ψ , (A-6)
where
Hˆ(x) = − ~
2
2m
[1− k−2P (∂2/∂x2)]−2
∂2
∂x2
. (A-7)
Recall that both Hˆ(x) in (A-7) and the terms inside the square brackets in (A-6) are defined via
the expansions in Eqs. (3.48) and (3.49), respectively, when acting on momentum eigenstates
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of the form φ(x, t) = ei(kx−ω(k)t). The latter implies a pair of time evolution operators for the
single momentum eigenstate φ(x, 0) = eikx:
Uˆ±k (t) = exp [−iω±(k)t] I = exp
[
− i~ω
2
P
2Ek
(
1±
√
1− 4E
2
k
~2ω2P
)
t
]
I (A-8)
with Ek ≡ Eω(k) = ~ω2P [ω(k) + ω2P /ω(k)]−1. Note that Eq. (A-8) holds for any Hamiltonian
yielding Hˆ(x)eikx = Eke
ikx, not just the one given in (A-7). If, in addition, we invoke the
definition of the Hamiltonian given by Eqs. (A-7) and (3.48), we obtain
Ek =
~2k4P
2m
(
k +
k2P
k
)−2
. (A-9)
Equation (A-8) shows that, when considering single modes, a subtlety arises in the extended
de Broglie theory that is not present in canonical quantum mechanics: two solution branches
ω±(k) exist for a given value of k. However, this does not matter when considering a single
quadrant of the (k, ω(k)) diagram, since the solutions are related via ω±(k) = ω2P /ω∓(k). For
example, in Sec. 3.3 we conjectured that Eq. (3.47) is valid for modes in the range ω <
ωP and k < kP , corresponding to particles with m < m
′
P , since only in this range are the
expansions (3.48)-(3.49) well defined for each eigenfunction φ(x, t) = ei(kx−ω(k)t). Therefore,
when considering single modes belonging to the ω−(k) branch, governed by Eq. (3.47), we may
neglect modes in the ω+(k) branch, governed by (3.52)/(A-6), and consider only Uˆ
−
k (t).
Nonetheless, this raises the interesting question of what happens if wave packets are com-
posed of modes with both super-Planckian and sub-Planckian wavelengths. Since these modes
obey different equations of motion (EOM), they should evolve independently and can be inter-
preted as separate particles with the same mass but different physical properties. As such, in
the extended de Broglie theory of free particles, super-Planckian and sub-Planckian wavelengths
do not mix but form separate non-interacting wave packets. The implications of this for the
dark matter and dark energy paradigms, as well as the possibility of including some form of
entanglement between super-Planckian and sub-Planckian particles, is left for a future paper.
When dealing with wave packets, a second subtlety in the extended theory is that the integral
over dk in Eq. (A-3) is not well defined everywhere in the range k ∈ (−∞,∞), even within a
single solution branch ω±(k), due to the existence of maximum and minimum wave numbers for
a given particles mass, k±(m). The reality of both solutions requires either
k2 ≥ k2+ ⇐⇒ k > k+, k < −k+ (A-10)
or
k2 ≤ k2− ⇐⇒ k < k−, k > −k− (A-11)
but one range may be discarded for a single quadrant of the (k, ω(k)) diagram, governed by
a single EOM, since the limits are related by k±(m) = k2P /k∓(m). We therefore replace the
expression in Eq. (A-3) with
ψ(x, t) =
∫
Σ
a(k)ei(kx−ω(k)t)dk , (A-12)
where Σ ⊂ R is the integral range corresponding to the quadrant considered.
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For example, for wave packets governed by Eq. (A-6), the integration must be performed
over the range Σ = [−k−(m), k−(m)], where k−(m) is given by Eq. (3.22). Substituting the
wave packet (A-12) into (A-6) gives
~ω2P
∫ k−
−k−
a(k)[ω(k) + ω2P /ω(k)]
−1ei(kx−ω(k)t)dk =
∫ k−
−k−
a(k)Hˆ(x)ei(kx−ω(k)t)dk , (A-13)
which holds if and only if Hˆ(x)eikx = ~ω2P [ω(k) + ω2P /ω(k)]−1eikx for all k ∈ [−k−(m), k−(m)].
From the definition of a function of an operator [2], the time evolution of a general initial wave
packet, ψ(x, 0) =
∫
Σ a(k)e
ikxdk, governed by Eq. (A-6), is then given by
Uˆ−
m<m′P
(x, t) = exp
− i~ω2P
2Hˆ−(x)
1−
√
1− 4Hˆ
2−(x)
~2ω2P
 t
 I . (A-14)
Here Hˆ−(x) denotes the Hamiltonian (A-7) for the negative solution branch, ω−(k), for m < m′P .
Thus the evolution is non-canonical but unitary. The operator (A-14) gives the time evolution
of a fundamental, self-gravitating, quantum mechanical particle which is ‘ordinary’ in the sense
that each mode in its wave packet expansion has a wavelength greater than the Planck length.
Using Hˆ(x) defined by Eqs. (A-7) and (3.48), if Ek  (1/2)~ωP = 2m′P c2 for k  kP ,
which is equivalent to taking the limit m  m′P , we have ω−(k) ≈ Ek/~ ≈ ~k2/(2m). Thus
the negative solution branch of Eq. (A-8) obeys the standard time evolution (A-2) for a single
eigenstate. When these conditions hold for all k ∈ [−k−(m), k−(m)], Eq. (A-14) gives the
standard time evolution (A-5) for a wave packet. The wave packet expansion (A-12) also reduces
to the standard form, Eq. (A-3), since |k−(m)| → ∞ in the limit m/m′P → 0. In other words, for
m m′P , corrections due to gravitational effects become negligible and the extended de Broglie
theory obeys the time evolution and expansion theorems of canonical quantum mechanics.
Next we consider the time evolution operator implied by Eq. (3.65), which governs quantum
‘particles’ with masses m > m′P (i.e. black holes) and again corresponds to wave packets in
which each mode has a super-Planckian wavelength. Following our previous procedure, we first
rewrite Eq. (3.65) as
i~
8
[1− k−2P (∂2/∂x2)]2
∂ψ
∂t
= Hˆ ′(x, t)ψ , (A-15)
where
Hˆ ′(x, t) = −mc2k−2P [1− ω−2P (∂2/∂t2)]
∂2
∂x2
. (A-16)
Then the time evolution operator for a single momentum eigenstate, φ(x, 0) = eikx, is
Uˆ(k,ω(k))(t) = exp [−iω(k)t] I = exp
[
−8iE(k,ω(k))
~
(
1 +
k2
k2P
)−2
t
]
I (A-17)
with E(k,ω(k)) = (~ω(k)/8)(1+k2/k2P )2. Eq. (A-17) holds for any Hamiltonian yielding an energy
eigenvalue that depends on k both explicitly and implicitly via ω(k), Hˆ(x, t)eikx = E(k,ω(k))e
ikx.
If, in addition, we invoke the definition of the Hamiltonian given by Eq. (A-16), we have
E(k,ω(k)) =
~ω(k)
8
(
1 +
k2
k2P
)2
= mc2
k2
k2P
(
1 +
ω2(k)
ω2P
)
. (A-18)
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From this, we obtain
ω±(k) =
2Ek
~
(
1±
√
1− ~
2ω2P
4E2k
)
(A-19)
with
E(k,ω(k)) =
~ω(k)
8
(
1 +
k2
k2P
)2
≡ Ek = ~
2
32m
(
k +
k2P
k
)2
. (A-20)
This again implies the existence of a pair of operators:
Uˆ±k (t) = exp [−iω±(k)t] I = exp
[
−2iEk
~
(
1±
√
1− ~
2ω2P
4E2k
)
t
]
I . (A-21)
However, as with (A-8), we may ignore the positive branch as this corresponds to the sub-
Planckian regime for black holes, which is governed by Eq. (3.67). We then have Uˆ−k (t), as
given by Eq. (A-21), as the sole unitary time evolution operator for an eigenstate φ(x, 0) = eikx
governed by Eq. (3.65). In this case, the region of integration for the wave packet (A-12) is
Σ = [−k−(m), k−(m)], where k−(m) is given by the dual of Eq. (3.22) under the interchange
m→ m′2P /m.
By the same reasoning as before, it follows that the time evolution operator for the wave
packet ψ(x, 0) =
∫
Σ a(k)e
ikxdk is
Uˆ−
m>m′P
(x, t) = exp
[
−2iHˆ
′−(x)
~
(
1−
√
1− ~
2ω2P
4Hˆ ′2− (x)
)
t
]
I , (A-22)
where Hˆ ′−(x) denotes the Hamiltonian which is valid for the negative solution branch, ω−(k),
for m > m′P . (The prime indicates a regime in which the Hamiltonian is redefined by rewriting
the modified Schro¨dinger equation, c.f. Sec. 3.3.)
In the regime containing modes with sub-Planckian wavelengths for m < m′P , we begin by
rewriting Eq. (3.52) as
2i~[1− k2P /(∂2/∂x2)]−2
∂ψ
∂t
= Hˆ ′(x, t)ψ (A-23)
where
Hˆ ′(x, t) = −4mc2k−2P [1− ω2P /(∂2/∂t2)]−1
∂2
∂x2
(A-24)
and the terms in square brackets are defined for ω > ωP and k > kP via Eqs. (3.59)-(3.60).
This implies that the time evolution operator for a single momentum eigenstate φ(x, 0) = eikx
is
Uˆ(k,ω(k))(t) = exp [−iω(k)t] I = exp
[
− iE(k,ω(k))
2~
(
1 +
k2P
k2
)2
t
]
I , (A-25)
where E(k,ω(k)) = 4mc
2(k2/k2P )(1+ω
2
P /ω
2)−1 = 2~ω(k)(1+k2/k2P )−2, if we invoke the definition
of the Hamiltonian given by Eq. (A-24). From this, we obtain
ω±(k) =
~ω2P
2Ek
(
1±
√
1− 4E
2
k
~2ω2P
)
(A-26)
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with
E(k,ω(k)) = 2~ω(k)
(
1 +
k2
k2P
)−2
≡ Ek = ~
2k4P
2m
(
k +
k2P
k
)−2
, (A-27)
which again implies the existence of a pair of operators Uˆ±k (t), corresponding to Uˆ(k,ω(k))(t).
These are identical in form to those given in Eq. (A-8) but the expression for Ek is different.
In this case, the negative branch may be ignored and the same reasoning as before implies that
the time evolution operator corresponding to Eq. (3.52) is
Uˆ+
m<m′P
(x, t) = exp
− i~ω2P
2Hˆ ′+(x)
1 +
√
1− 4Hˆ
′
+(x)
2
~2ω2P
 t
 I, (A-28)
where Hˆ ′+(x) denotes the Hamiltonian for the positive solution branch, ω+(k), for m < m′P .
Finally, in the regime containing modes with sub-Planckian wavelengths for m > m′P , we
rewrite Eq. (3.67) as
i~
4
[
1− ω
2
P
∂2/∂t2
]
∂ψ
∂t
= Hˆ(x)ψ , (A-29)
where Hˆ(x) applies to modes with k > kP via the expansion (3.59). This implies the existence
of a pair of time evolution operators for single momentum eigenstates Uˆ±k (t) that are identical
to those in Eq. (A-8) but with
Ek =
~2
32m
(
k +
k2P
k
)2
. (A-30)
It follows that the time evolution operator corresponding to Eq. (3.67) is
Uˆ+
m>m′P
(x, t) = exp
[
−2iHˆ+(x)
~
(
1 +
√
1− ~
2ω2P
4Hˆ2+(x)
)
t
]
I , (A-31)
where Hˆ+(x) denotes the Hamiltonian for the positive solution branch, ω+(k), for m > m
′
P .
This is simply the Hamiltonian appearing in Eq. (A-29), which automatically applies to modes
with k > kP via the expansion (3.59), as stated above. Since no redefinition of the Hamiltonian
occurred at the level of the modified Scho¨dinger equation, we do not denote this using a prime.
Thus there is complete symmetry between the time evolution operators in four different
regimes in the sense that
Uˆ±
mQm′P
(x, t)↔ Uˆ±
mRm′P
(x, t) ⇐⇒ 4Hˆ
2±(x)
~2ω2P
↔ ~
2ω2P
4Hˆ ′2± (x)
(A-32)
and
Uˆ±
mQm′P
(x, t)↔ Uˆ∓
mQm′P
(x, t) ⇐⇒ Hˆ2±(x)↔ Hˆ ′2∓ (x) . (A-33)
In the limit
m→ m′P ⇐⇒ ω → ωP , k → kP ∀ω, k , (A-34)
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we have k+(m
′
P ) = k−(m
′
P ) = kP , so that
ψ(x, 0)→ φ(x, 0) = eikP x . (A-35)
This is the unique momentum eigenstate for a particle with mass m = m′P in the extended de
Broglie theory. In this limit, all four Hamiltonians and all four unitary time evolution operators
converge, giving
Hˆ−(x) = Hˆ ′−(x, t) = Hˆ
′
+(x, t) = Hˆ+(x) = 2m
′
P c
2 (A-36)
and
Uˆ−
m<m′P
(x, t) = Uˆ−
m>m′P
(x, t) = Uˆ+
m<m′P
(x, t) = Uˆ+
m>m′P
(x, t) = e−iωP . (A-37)
B Comparison of the extended de Broglie theory with non-
unitary theories containing higher order time derivatives
The quantum EOM of the extended de Broglie theory involve higher order time derivatives that
are often problematic for physical theories requiring both causality and unitarity. In particular,
such equations appear in various contexts in the literature on quantum gravity, where they
often give rise to non-unitary time evolution, at least in a relativistic context. It is therefore
instructive to compare these theories with the one considered in this paper, which appears to
be unitary in a non-relativistic context.
One example of non-unitary evolution arising from higher order time derivatives occurs
in quantum field theories (QFTs) formulated in non-commutative geometry (NCG). In this
scenario, the break down of unitarity at the perturbative level is closely tied to the violation
of causality. Though space-space non-commutativity may be consistent with causality, even
if local Lorentz invariance is broken, time-space non-commutativity is problematic, implying
the existence of particles that are effectively extended in time [55, 56]. Heuristically, non-
commutative particles behave like rigid extended dipoles, oriented in the direction of the four-
vector Lµ = θµνpν , where p
µ is the four-momentum of the state and θµν ∝ [xµ, xν ] is the
position coordinate commutator [57]. Intuitively, it is straightforward to see how such non-
locality in time may lead to advanced effects, in which events precede their apparent causes. For
example, suddenly displacing one end of a space-like rod, the signal instantaneously appears at
the opposite end [56]. Thus, for a non-commutative particle reflected by a potential barrier, the
centre of mass then recoils before the particle hits the wall [57].
Technically, such theories have no canonical Hamiltonian quantization and must be defined
operationally via Feynman diagram expansions. Unitary evolution is therefore not assured, and
must be checked explicitly (see, for example, [58] and references therein). Obtaining the propa-
gators by summation at tree level, various important physical properties of a given theory can
be determined, such as the effective Lagrangian and dispersion relations, which must be satisfied
by the EOM [56]. In [55], it was explicitly shown that propagators in theories with time-space
non-commutativity imply ‘sick’ dispersion relations, giving rise to tachyonic states which auto-
matically violate unitarity. The same relations imply EOM with higher order time derivatives,
so that violations of causality/unitarity can be seen as resulting from the corresponding non-
locality in time. Specifically, if the action is arbitrarily non-local in time, the evolution at of the
fields at time t′ depends on their configurations at both t < t′ and t > t′.
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From this brief discussion, it is clear that several technical and conceptual issues are inher-
ently linked. The Hamiltonian and path integral quantization of classical fields are inequivalent
in geometries with time-space non-commutativity. Hamiltonian quantization is is not well de-
fined, whereas operational definitions via Feynman diagram expansions lead to unphysical dis-
persion relations. Specifically, these imply EOM with higher order time derivates which result in
violations of both causality and unitarity, manifested in the existence of tachyonic particles, or
states with negative norm. However, this discussion also highlights the fact that non-unitarity
may occur in any theory containing higher order derivatives in time/modified dispersion rela-
tions. The question then arises of why the theory of extended de Broglie relations avoids these
problems.
Two possibilities suggest themselves. The first is that the extended theory escapes such
difficulties simply because it is formulated in a non-relativistic context. As stated in [57], vi-
olations of causality are not disastrous for non-relativistic field theories. This is also true for
Newtonian gravity, even though it implies instantaneous action at a distance. If, in general,
acausal behavior and non-unitarity arise from the same structural modifications of canonical
QFT, namely modified dispersion relations and the resulting non-locality in time (whether or
not this occurs due to NCG), then selecting only leading order terms in the expansion for ω(k),
corresponding to the Newtonian approximation, may neglect terms leading to the violation of
unitarity. In this case, we would expect to find a consistent Hamiltonian quantization, as given
in Sec. 3.3. If unitarity is maintained only to leading order, attempts to generalize the present
work to include relativistic effects may lead to inconstancies similar to those in NCG.
The second (more interesting) possibility is that the extend de Broglie theory, as formulated
non-relativistically, already incorporates certain effects associated with the correct relativistic
theory, which ensure the preservation of unitarity. The right-hand side of the (k, ω(k)) diagram
corresponds to the quantization of extended objects and manifestly mixes IR/UV effects due
to the inclusion of observable quantities of the form O′ ∼ O−1 + O. By contrast, canonical
quantization of the left-hand side corresponds to the quantization of point particles, so that the
extended de Broglie theory effectively treats all objects as inherently extended in space at the
classical level. While IR/UV mixing is typical of all theories in NCG, the mathematical and
structural foundations of those found to violate unitarity/causality are otherwise based on the
quantization of point-like particles.
It is interesting that the other known examples of inherently non-commutative backgrounds
occur in the theory of quantized open strings, which do not reduce to canonical QFTs in the
IR limit. In other words, the effects of stringy excitations cannot be neglected, even at low
energies. In addition, such excitations are key to the preservation of unitarity, conspiring to
exactly cancel the acausal effects that are present for canonical fields in NCG [57]. Intuitively,
this can be explained as follows. When two strings scatter off one another, an intermediate
stretched string is formed. If this has total energy E, its length L(t) oscillates between small
and large values such that E ∼ L/l2s +N/L, where l2s is the fundamental string length scale and
N is the oscillation number [57]. The string expands to a maximal size L ∼ El2s , storing the
energy as potential, before the oscillation repeats. In each oscillation there is a finite probability
for the string to split, resulting in an infinite sequence of delayed wave packets, separated by
time interval obeying the stringy uncertainty relation [57]. This exactly cancels the advanced
effects induced by the time non-locality of the NCG.
Such behavior is possible only for an extended object, and it is intriguing that the energy
and length of the intermediate string state obeys the ‘half’ T-duality symmetry characteristic
of the extended de Broglie relations proposed in the present work. Indeed, these proposals were
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initially motivated by the desire to mix IR and UV effects by providing a unified framework
in which to consider both black holes and fundamental particles. As we have seen, this is
necessarily equivalent to considering ‘particles’ as being inherently extended in some way, prior
to quantization.
Although further work is required to establish whether this is indeed the case, we may con-
jecture that the form of the extended de Broglie relations na¨ively captures certain irremovable
features of the quantization of extended objects, which manifest even in the IR theory. Opti-
mistically, such relations may even help alleviate some of the theoretical difficulties associated
with the quantization of macroscopic objects in general (c.f. [59]).
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